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STABLE MANIFOLDS FOR DIFFERENTIAL 

EQUATIONS AND DIFFEOMORPHISMS 

S. Smale 

1. P r e l i m i n a r i e s 

A (first o rder ) differential equation ("autonomous") may be cons i ­

dered as a C vector field X on a C manifold M (for s impl i c i ­

ty, for the moment we take the C°° point of view; manifolds a r e assumed 

not to havç a boundary, unless so stated). F r o m the fundamental t heo rem 

of differential equations, t he re exist unique C solutions of X through 

each point of M. That i s , if x £ M, t he re is a curve Yt (x)> 111 < 2 

such that , f Q (x) = x, — ^ — I t= t 0
 = X ( ^ t o ( x ) } i f / t o l ^ ' 

and lft (x) is C on (t ,x) (in a suitable domain). 

Moreover if M is compact then Q'i (x) is defined for all 

t é R (R the r e a l numbers ) and X defines a 1-parameter group of 

t rans format ions of M. 

More prec i se ly , a 1-parameter group of t ransformat ions of a mani 

fold M is a C map F : R x M-» M such that if cfx (x) = F (t, x), 

then 

(a) fQ (x) = x 

(b) lf t t s(x)= 4 V f s ( x ) 

Then for each t, ^\ \ : M ~->M is a diffeomorphism (a differen­

t i a t e homeomorphism with differentiable inverse) , A differential equation 

The author was a Sloan fellow during par t of this work. 



- 2 -

S. Smale 

on a compact manifold defines or genera tes a 1-parameter group of trans_ 

formations of M. We shall say more general ly that a dynamical sys t em 

on a manifold M is a 1-parameter group of t rans format ions of M. 
d Cf (x) , 

If ^ i is a dynamical sys t em on M, Li__ J = X (x) 

defines a C vector field on M which in tu rn genera tes CP .̂ We 

also speak of X as the dynamicl sys tem. 

Let X, Y be dynamical sy s t ems on manifolds M^} M'2 r e s p e c ­

t ively generat ing 1-parameter groups ^P±, ^^. Then X and Y 

(or <-p{, ] .j.) a r e said to be (topologically equivalent if t he re is a 

homeomorphism h : Mj —> M2 with the p roper ty that h maps orbi ts 

of X into orbi ts of Y p re se rv ing orientation. 

The homeomorphism h : M-.—^ M2 will be called an equivalence. 

Often M j = M2 . 

The qualitative study of (1st o rder ) differential equations is the 

study of p rope r t i e s invariant under this notion of equivalence, and u l t ima­

te ly finding the equivalence c l a s s e s of dynamical sys t ems on a given m a ­

nifold. 2) 

In this paper we a r e concerned with the problem of topological equi 

valence. An especial ly fruitfull concept in th is direct ion is that of s t ruc -

tu ra l s tabi l i ty due to Andronov and Pontr jagin, see [5J . The definition 

in our context is as follows. 

Assume a fixed manifold M, say compact for s implici ty , has s o ­

me fixed me t r i c on it. An equivalence h : M —> M (between two dynami­

cal sy s t ems on M) will be cal led an £ -equivalence if it is pointwise wi-

2) 
F o r a survey of this p rob lem see talk in the Proceedings of the In te rna­

tional Congress of Mathemat ic ians , Stockholm 1962. 
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thin £ of the identity. One may speak of two vector fields X and Y 

on M as being C close (or dç t (X, Y) <£ o ) if they are pointwise 

close and in addition, in some fixed finite covering of coordinate systems 

of M, the maximim of the difference of their 1st derivatives over all the_ 
r 

se coordinate systems is small. (Similarly one can define a C topolo­
gy, 1 <-' r < oo , see (_7j ). Then X is structurally stable if given 

£ > 0 , there exists à > 0 such that if a vector field Y on M sa­

tisfies dçi (X, Y)£.à t then X and Y are £ -equivalent. 

The problem of structural stability is: 

given M compact, (are the structurally stable vector fields on M, in 

the above C topology, dense in all vector fields. If the dimension of 

M is less than 3, the answer is yes by a theorem of Peixofo J9J ; in 

higher dimensions it remains a fundamental and difficult problem. 

Although in this paper we are not concerned explicity with structu­

ral stability, this concept lies behind the scenes. Attempts at solving the 

problem of structural stability, guide one toward the study of, the generic 

or general dynamical systems in contrast to the exceptional ones. 

There seems to be no general reduction of the qualitative problems 

of differential equations. However, there is a problem which has some 

aspects of a reduction. This is the topological conjugacy problem for dif-

feomorphisms wich we proceed to describe. 

Two diffeomorphisms T, T' : M^ —̂  M2 are topologically (diffe-

rentiably) conjugate if there exists a homeomorphism (diffeomorphism) 

h : Mj - » M2. such that T'h = hT. Often M1 = M2. This topological 

conjugacy problem is to obtain information on the topological equivalence 
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3) 
c l a s sé s of diffeomorphisms of a single given manifold. 

When dim M = 1, the p rob lem is solved according to r e su l t s of Po inca ré , 

Denjoyand o thers , see [2] . F o r dim M > 1, the re a r e ve ry few genera l 

t heo rems . We now explain the re levance of this problem to differential 

equations. 

2. C r o s s - s e c t i o n s 

Suppose X, or ^ , is a dynamical sys tem on a manifold M. 

À c r o s s - s e c t i o n for X is a submanifold ^2. of codimension 1 of M, 

closed in M, such that (a) ~2~ is t r a n s v e r s a l to X, 

(b) if xfe ^ , t he re is a t > 0 

with f t (x) 6 £ , 

(ç) if xéX , t h e r e is a t< 0 

with 
Y t (x)6-2> * and 

(d) Eve ry solution curve pa s s e s 

through i - . 

If X admits a c r o s s - s e c t i o n j> , one can define a map 

T : 2 ^ 2 by T (x) = ft (x) where t 0 is the f i rs t t g r ea t e r 

than ze ro with ^ t (x) £ 2- . It i s not difficult to prove that T : X~^^-

is a diffeomorphism, called the assoc ia ted diffeomorphism of 2 - . 

One can also eas i ly prove that , if M is compact and connected, 

then conditions (c) and (d) in the definition of c r o s s - s e c t i o n a r e conse ­

quences of (a) and (b). 

See footnote 2. 
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Suppose on the other hand T n <*—Q is a diffeomorphism 

of a manifold. Then on R x 2 ~ 0 let ( t ,x) be cons idered equivalent to 

the point (t + 1, T (x) ). The quotient space under this equivalence re la t ion 

is a new differentiable manifold say MQ. Let XQ be the dynamical sy ­

s t e m on MQ induced by the constant vec tor field (1,0) on R x 2 0 , 

and I f : R x X —^ M the quotient map. We say that XQ on MQ 

is the dynamical sys t em determined by the diffeomorphism T Q : 2 . Q ^~Q. 

2. 1 L e m m a 

Let *f i be dynamical sys t em generated by X on M, which 

admits a c r o s s - s e c t i o n *- Then by a C r e p a r a m e t e r i z a t i o n s x (t) 

of t, x 6 M, one can obtain a 1-parameter group tys of t r a n s f o r m a ­

t ions of M such that if x é l , Tl < x ) e ^- a n d ^ s <x ) ^ ^ f o r 

0 £ s £ 1. 

We leave the s t ra ightforward proof of 2. 1 to the r e a d e r . 

2. 2 T h e o r e m 

Suppose the dynamical sys t em j t generated by X on M 

admits a c r o s s - s e c t i o n à. with assoc ia ted diffeomorphism T. Let 

XQ on MQ be the dynamical sys tem determined by the diffeomorphism 

T : 51—* Z . Then X 0 on MQ is equivalent to X on M (by a dif­

feomorphism in fact). 

Proof. F i r s t apply 2. 1. Then the des i red equivalence of 2. 2 

can be taken as induced by f : M -> R x 2- , f ( <-Ps (x) ) = (s ,x) 

for x & ^ - . 

2. 3 Theorem 

If T 0 : J~ ** A- is a diffeomorphism, the dynamical sy -
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s tem it de te rmines has a c r o s s - s e c t i o n ^ - with the p roper ty that the 

associa ted diffeomorphism is differentiably equivalent to T . . 

For the proof of 2. 3, one just takes TT" (0 x 2 . ) for 2. 

and the equivalence is induced by the map of ~2~ 0 *^* R x ^ - o given by 

x - > (0.x). 

2. 4 Theorem 

Let T 0 : T. • Q^m£> ^Qt T1 : ^ i " ^ ^ i be diffeomor-

phisms which de te rmine respec t ive ly dynamical sy s t ems XQ on M 

and Xj on Mj . If TQ and T j a re topologically (differentiably) 

equivalent then XQ and X^ a r e topologically equivalent, (equivalent 

by a diffeomorphism). 

The proof is easy and will be left to the r eade r . 

The prëceeding t heo rems show that if a dynamical sys tem admits 

a c ros s - sec t ion , then the p rob lems we a r e concerned with admit a r e d u c ­

tion to a diffeomorphism problem of one lower dimension. F u r t h e r m o r e 

every diffeomorphism is the assoc ia ted diffeomorphism of a c r o s s - s e c t i o n 

of some dynamical sys tem. 

Remark : 

The exis tence of c r o s s - s e c t i o n s in problems of c l a s s i ca l mechan ics 

f i rs t motivated Po incaré and Birkhoff [ l j to study sur face diffeomorphisms 

from the topological point of view. 

A local ve rs ion of the preceeding ideas on c r o s s - s e c t i o n s is e s p e ­

cial ly useful. A closed or per iodic orbit J- of a dynamical sys tem 

Yt o n M is a solution Y t (x) with the p roper ty CK ^ (x) = x 

for some t / 0. A periodic point of a diffeomorphism T : 2. —> ^-
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is a point p e <> such that t he re is an integer m f 0 with T (p)=p 

(T denotes the m power "of T as a t ransformat ion) . The following 

is c lear . 

2, 5 L e m m a 

Let tpt ke a dynamical sys t em on M with c r o s s - s e c t i o n Î2Ï1 

and assoc ia ted diffeomorphism T. Then p 6 2- is a periodic point of 

T if and only if the orbit of the dynamical sys t em through p is closed. 

A local diffecmorphism about p & M is a diffeomorphism 

T : U "^ M, U a neighbourhood of p and T (p) = p. Two local dif-

feomorphisms about p1 & M p p 2 £-M2 , T]L : U1 —> M p T 2 : U 2 - ^ M 2 

a r e topologically (differentiably) equivalent if t he re exis ts a neighbourhood 

U of Pj in Uj and a homeomorphism (diffeomorphism) h : U —̂  U2 

such that h (pj) = p 2 and T 2 h (x) = h T j (x) for x 6 T j ~ (U) f\ U. 

The following is eas i ly proved'. 

2. 6 L e m m a 

If X is a vector field on a manifold M, X (p) f 0, for some 

p Q M, t he re exis ts a submanifold 2~ of codimension 1 of M con­

taining p and t r a n s v e r s a l to X. 

Let 0 be a closed orbit of a dynamical sys tem Y t genera ­

ted by X on M, p é If Let iL be given by 2. 6 containing p , 

with (CL *T) f\ y = p . One defines a local diffeomorphism T of E 

about p b y ' T ( x ) = 7 ,'('x)£.Z where x is in some rieighbouhrdod" U 

of p in 5T and t is the f irs t t > 0 with cf (x) 6; X- . Cal l 
^ t 

T ': U -—•> £ •',' the local diffeomorphism 
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associa ted to the closed orbit $ , 2. a local c ro s s - sec t i on . 

2. 7 L e m m a 

The differentiable equivalence c l a s s of T depends only on Q 

and the vector field X. It is independent of p and 2-, 

Proof. Let p-^, P2 (~ 0 with local c r o s s - s e c t i o n s 2 1. 2 2 

respect ively . Assume f i rs t p-̂  f P2- Then we can a s sume 

y ^ A } . 2 r • Define h : U — ^ <̂ - 2> ^ o r U a sufficiently smal l 

neighbourhood of p in <2~ ±, by h (x) = 7 •(• (x) for x 6 U by tak­

ing t > 0 the f irs t t such that f t (x) ^ ^~~ 2- Then h acts as 

a differ entiable equivalence. If p-. = P2, take P3^d > distinct from p j , 

and with local c r o s s - s e c t i o n ^ - 3. Then apply the preceeding to show 

that the local diffeomorphism of ^_ -. is differentiably equivalent to that 

of 2L O and that of is differentiably equivalent to that of <Z- 3. 

Trans i t iv i ty fineshes the proof. 

Now given a local diffeomorphism about p é ^~ , T : U —** ^-, 

one can const ruct a manifold MQ, with a vector field XQ , containing a 

closed orbit 0 with as a local c ros s - sec t ion . The construct ion is 

the same as in the global case . Moreover , and this is a useful fact, the l o ­

cal analogues of 2. 2 - 2. 4 a r e valid. 

3. Local Diffeomorphisms 

3. 1 Theorem 

Let A : E —> E be a l inear t rans format ion with eigenvalues 

satisfying 0 <' |A .1 <• 1. Then the re exis ts a Banach space s t ruc tu re 

on E n such that || A|[ = A <C 1. 

The proof follows from the fact that every r e a l l inear t ransformat ion 
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is equivalent to a direct product of the following real canonical forms 

_/3 a : 
v c » • « » v 

r o 
c f 

<r o 

> <f 

and 

V 
v 

<* P 

Here Q can be taken arbitrari ly small, and (A -t- i p , ci — i p 

are the eigenvalues. These canonical forms may be deduced from the usual 

Jordan canonical form, and the following two easy lemmas. 

3, la Lemma 

The linear transformations given by the following two matrices are 

equivalent, where d , B are real. 
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3. lb Lemma 

The linear transformations given by the following two matrices are 

equivalent where Q is non-zero, but otherwise arbitrary. 

The equivalence is given by 

\ 

\rv 

A linear transformation satisfying the conditions of 3. 1 will be cal 

led a linear contraction. 

3. 2 Theorem 

Let T be a local diffeomorphism about the origin 0 of E 

whose derivate L at 0 is a linear contraction, Then there is an équi­
té 

valence R between T and L which is C except at 0. In fact 

there is a global diffeomorphism T1 : E ^-^ E which agrees with T 

in some neighbourhood of 0 and a (global) equivalence R between 

T1 and' L, C except at 0. 
Proof 

By 3. 1 we can assume | L | | ^ c? < lt and that T (x) = 
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= Lx + f (x) where " f» ( *i ' -=> 0 as fxjj—>0. Choose r > o 

so that (I F (x)|| C (1 - $ ) j | x|f for j | x|/ < r. The following is well 

known. 

3. 2a L e m m a 

^ i n n 
Given r > o, t he re exis ts a r e a l C function <-f on E 

which is one on a neighbourhood of 0, jl (f (x)|j £ 1 for all x é E , 

and (fix) = 0 for all || x | | ^ r . 

Let f (x) = Cp (x) F (x) where (f (x) is given by 3„ 2a. Then 

it is sufficient to prove 3. 2 for T Q and L where T (x) = Lx + f (x), 

and T is defined on all of E . Observe that for |jx|j > r , T (x) = 

= Lx. Define R : E n —> E n by R (0) = 0 and Rx = T Q
N L~ N

 x 

where N is l a rge enough so that II L~^ x i! > r . It is easy to check 

that R is well-defined, has the equivalence proper ty , and is a C^° dif­

feomorphism except at 0. It r ema ins to check that R is continuos at the 

origin, or that |) R (x)|| —^ 0 as ||x|j —> 0. F i r s t note that t he re 

exis ts k 1̂ 1, so that for all x é-E , | | T 0 x | | C kx. Also R (x) -

= T 0 L x = T 0 y where y = L x and we can assume || yjj C M. 

Then continuity follows from the fact that as )| x | | —--> 0, the N of defi­

nition of R (x) must go to infinity. 
A local diffeomorphism satisfying the condition of 3. 2 is called a 

^ a 
local contract ion. A contract ion of E is a diffeomorphism T of E 7 

on to itself such that t he re is a differentiably inbedded disk D C E ' with 

T Dc in te r io r D, f\ i > 0 TlD = origin of E ^ U k 0 ^ b - E" ! 

Thus using 3. 1, the T const ructed in 3. 2 is a contraction. If all the 

eigenvalues of a l inear t ransformat ion L have absolute value g rea te r 

that one, then L is cal led a l inear expansion. 
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If the der iva t ive at p of a local diffeomorphism T about p is a l inear 

expansion then T is cal led a local expansion. The inverse of a l inear 

(local) expansion is a l inear (local) contract ion. In this way 3. 1 and 

3„ 2 give information about l inear and local expansions. 

The following t heo rem was known to Po incaré for dim E = 2.« One 

can find n dimensional ve r s ions in Pe t rovsky [lOj , T). C. Lewis [&] , 

Coddington and Levinson 12J , S ternberg £l4] and Har tman £4/ . Some 

of these authors were concerned mainly with the s imi l a r theorem for diffe­

rential, equations. 

3. 3 Theorem 

Let T : U —^ E be a local diffeomorphism about 0 of Eucli -

dean space whose der ivat ive L : E —> E at 0 is a product of 

L j : E 1 — - ^ E ^ L 2 : E 2 —> E 2 , E = E 1 x E 2 where IlLjH , 

| /L~^| < 1. Then there is a submanifold V of U with the following 

p rope r t i e s : 

(a) 0 é V, the tangent space of V at 0 is E p 

(b) T V C V, and 

(c) t h e r e exis ts a differentiable equivalence R between a local diffeo­

morph i sm T' about 0 of E whose derivative at 0 is L j . 

and T r e s t r i c t e d to V, 

(d) V = A = 0 Bj where B Q = U A TU and Bj is def ined inducti­

vely by Bj = T - 1 (Bj„i 0 B o ) . 

Due to the previous discuss ion in this section, the hypothesis of 
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3.3 is mild, merely that no eigenvalue of L has absolute value 1. One 

may apply 3. 2 to the restriction of T to V. Note by applying 3. 3 to 

T one can obtain a submanifold V2 of U containing 0 whose tan­

gent space at 0 is E2 and T restricted to V2 is a local expansion. 

We call V the local stable manifold, V 2 ' the local unstable manifold 

of T at 0. 

Use (x, y) for coordinates of E = E j x E 2 , so that one can write, 

using Taylor's expansion, 

T (x, y) = (L1 x +.g*1 (x, y), L 2 y + g2 (x,y) ) 

The proof of 3. 3 is based on the following lemma. 

3.4 Lemma 

There exists a unique C map r : u l """"̂  E2* u l a n e i g h -

bourhood of .0 in E x , $ (o) = 0, j^'(o) = 0 satisfying 

3. 5 ^ ( L 1 x + g 1 (x , ^ ( x ) ) ) - L 2 0(x) + g 2 ( x , ^ (x)). 

Furthermore (x, <p(x))6 f\ .B B., B. as in (d) of 3.3. 
* j ~ o j j 

To see how 3. 3 follows from 3. 4, let V be the graph of f> , 

i .e. V s (x, j^(x)) e E j x E 2 for all x in U^, whereby 3.2 we 

assume T'Uj C Uj. Then letting R : l ^ - * V be defined by R(x) = 

« (x, <f> (x)), T» : Vx -*t E j by T" (x) = hx x + gx (x, ^(x)) and 

using the equation of 3. 4, it is easily verified that V, R, T1 satisfy 3. 3 

Thus it remains to prove 3. 4. 

This we do not do here, but remark that one solves the functional 

equation 3. 5 by the method of successive approximations. 

4. Stable manifolds of a periodic orbit 
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The global stable and unstable manifolds we const ruct in this sect ion 

were cons idered by Po incaré and Birkhoff (Vj in dimension 1 for a s u r ­

face diffeomorphism. The analagous s table manifolds for a dynamical sy ­

s tem (see sect ion ;9) have been considered by EUsgoltz | 3J , Thorn [ l5J , 

Reeb [ l l ] and in £l 2^| . 

Suppose T : M ~> M is a diffeomorphism and p & M is a p e ­
rn m 

r iodic point of T so that T (p) = p. The derivative L of T at 

p will be a l inear automorphism of the tangent space M of M at p. 

The point p will be cal led an e lementa ry periodic point of T if L 

has no eigenvalue of absolute value 1, and t r a n s v e r s a l if no eigenvalue of 

L is equal to 1. 

4. 1 Theorem 

Let p be an e l emen ta ry fixed point of a diffeomorphism 

T : M —> M, and E j the subspace of M p cor responding to the eigen­

values of the derivative of T at p of absolute value l e s s than 1. Then 

the re is a C map R : E j —T> M which is an i m m e r s i o n (i. e. of rank= 

= dim E j everywhere) , 1-1, and has the p roper ty TR = RT ' where 

T* : E i —> E j is a contract ion of E j . Also R (p) = p and the der ivat ive 

of, R at p is the inclusion of E-̂  into Mp . 

Proof. One applies 3. 3. The map R of 3C 3, say RQ, is 

defined in a neighbourhood U ; of 0 in E-̂  into M. We now extend * 

it to all of E j to obtain the map R of 4. 1. By 3. 2 we can a s sume 

T' of 3. 3 is a (global) contract ion of E^. If x & E^, let Rx = 

= T " ^ R Q T ' ^ X where N is l a rge enough so that T'-^x € U. It may be 

verified with l i t t le effort that R is well-difined and sat is f ies the condi­

tions of 4, 1. 
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The map R : E j —> M, or somet imes the image of R, is cal led 

the stable manifold of p or T at p. The unstable manifold of p 

or T at p is the s table manifold of T~ at p. These objects s eem 

to be fundamental in the study of the topological conjugacy prob lem for dif-

feomorphisms. An (elementary) per iodic orbit is the finite set 

i&2 ^ P where p is an (elementary) periodic point. The defini­

tion of the stable manifold for an e lementary priodic orbit (or somet imes 

e lementa ry periodic point) is as follows. Let <p : E^ —i> M be the s t a ­
in 

ble manifold of T at p where m is the leas t per iod of p , p 

in our per iodic orbit. Then R : E j ~-?> M is defined by R = T (f 
i 

where 0 4, i <*• m and E j is a copy of E j . Thus the stable manifold 

of a per iodic orbit is the 1-1 i m m e r s i o n R of the disjoint union of m 

copies of a Euclidean space. The stable manifold of a periodic point B 

is defined to be the component of the s table manifold of the assoc ia ted p e ­

r iodic orbit in which B l i e s . The unstable manifold of a per iodic orbit 

(periodic point) is the s table manifold of the peiodic orbit (periodic point) 

re la t ive to T~ . 

5. E l emen ta ry per iodic points 

Let J j be the set of all diffeomorphisms of c l a s s C of a 
r A 

fixed compact C manifold M on to itself, co ^ r > 0. Endow <h^ 

with the C topology (see \l\ ). It may be proved that JO is a com­

plete me t r i c space. We r e c a l l that in a complete m e t r i c space the coun­

table union of open dense se t s must be dense. 

5. 1 T h e o r e m 

Let M be a compact C r manifold, r > 0, and D the spa-



- 16 -

S. Smale 

r r 
ce of C diffeomorphisms of M endowed with the C topology. Let 

(pep be the set of T with the p roper ty that every per iodic point of 
T is e lementary . Then v is a countable union of open dense se t s . 

We prove the following s t ronger t heo rem which implies 5. 1 (since 

denotes the posit ive in tegers) . 
+ € 2 + f ) F * 

5. 2 Theorem 

Let D be as in 5. 1 and V be the set of diffeomorphisms 

T with the p roper ty that every per iodic point of T of per iod *L p is 
/P elementary . Then (J p is open and dense in D. 

Proof 

We f irs t show that U is open <P . Let T0£ (Ç 

e T l ^> T o i n D* T i ^ D- lt m u s t b e shown that Ti 6 (/ p for l a r ­

ge enough i. Suppose not. Then the re exist p | i = 1, 2,..;~. > \Pil ^ P> 

such that T- (XJ;) = x^ and x^ is not an e lementary periodic point of 

T^ of per iod pj. By choosing subsequences , we can a s sume XJ —$> ^0€ M 

and the p^ a r e constant say pQ . Then T ° (xQ) = xQ. Thus 

x 0 is a per iodic point of T of per iod pQ <T p and e lementa ry s ince 

T £ U p. So the der iva t ive of T ° at xQ has no eigenvalue of absolu­

te value 1. On the other hand the der ivat ive of T. ° at x_. for all i 
l i 

has an eigenvalue of absolute value 1. This is a contradict ion since 
r 

Ti —> T in the C topology, r > o, and x« ~> x . 
0 O (P 

We next show that v is dense in v _ i , p ^ 1, 0 = D„ 
This will finish the proof of 5. 2. Let v be the analogue of v 

with e lementa ry rep laced by t r a n s v e r s a l . Then it is sufficient to prove: 

(i) (? n 0 (r 
is dense in (i~ D - l * and (2) U 1 i s dense in 
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M . We f i rs t do the main s tep, (1). 

Fo r p = 1, we use the following easi ly proved lemma. 

5; 3 L e m m a 

Let T : M —z> M be a diffeomorphism. Then x é- M is a t r a n s ­

v e r s a l per iodic point of T of period" p ' if and only if the graph / of 

T and the diagonal A in M x M in te rsec t t r a n s v e r s a l l y at (p,p) 

(i. e. the tangent space of A and I at (p, p) span the tangent space 

of M x M at (p,px). 

Then a_ genera l position theo rem of differential topology applies to 

yield that ^ j is dense in j J (see Thorn [ l 6 j ). 

Let T € v j and P j , . . . , / ^ be all the periodic points 

of T of per iodic £ p - 1 . Then one can find neighbourhoods N^ of 

P i so that any periodic point of T in N - ^ i=i N^ of p e r i o d s p 

is one of the /3 j and e lementary . 

Now let w - m i n x ^ Ç L ( M - N ) ^ ^x* ^ x ) wne**e | i l < p - i . 

Then C) > 0. By poss ibly choosing M s m a l l e r we can a s sume that 

any set U of d iameter ^ 2 o is contained in a coordinate neighbour 

hood of M and hence that T (U), has the same proper ty . Next for 

% e M, let U (x), V (x), W (x) be neighbourhoods of rad ius u , 

1/2 S , 1/3 S respect ively . Let (U^ , V^ , W^ ) for o i = l , . . . , q 

be a finite set of these such that \J Ŵ  = M, for each oi choose a coo r ­

dinate neighbourhood E* D CLTU^ . 

Then using the l inear s t ruc tu re of E_̂  , T-S : D^ —^ E^ is a 

well defined map where S - TP~ and D^ = j x é U^ j S x € E ^ j . 

By Sa rd ' s t heo rem, see e. g. [ l 6 j , choose a map g : D ~^> E. } smal l 
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with its first r derivatives so that T-S J & : U, ^> E has 0 as 

a regular value. Starting with ^ = 1, let T^ = T outside Uj, Tj = 
= T / ëi o n Vj using 3. 2a. Then Tj restricted to V^ has t rans ­

versal periodic points of period p as can be seen as follows: 

If x é V j and T l P ( x ) = x , then T ^ (x, = T ^ 1 » T l x 
-1 -1 -1 

and Tjx = S x. So (T j - S )x = 0 and since T^ - S has a r e -

gular value at 0, the derivative of T^p at x is non-singular and 

x is a t ransversal lingular point of T^ of period p. 

One makes the same construction for (A =2, . . . , q, making sure 

that g is so small with respect to the "bump function" that the diffeo-

morphism retains its desirable qualities on N and W-p • • . » ^ - i-

This proves that F is dense in F j . ^ _^ 

We finally show that u p is dense in Û  D. Let TQ € w m 

Then by 5. 3 the periodic points of TQ of period <. p are isolated, 

hence finite in number, say P j , . . . , r k* ^e^ ^ 1 ' * * * » "̂ k ^ e 

disjoint Euclidean neighbourhoods of the P i- Then it is sufficient to 

show that given i, 1 .£• i ^ k, there exists a diffeomorphism 

T :M~3>M such that T = TQ outside of N^ T approximates TQ, 

and T has r i as an elementary periodic point. This can be easily 

done using 3. 2a and the fact that linear transformations with no eigenva­

lue of absolute value 1 are dense in all linear transformations. This fini­

shes the proof of 5. 2. 

Remark 

If T é y } then given an integer N, there exists only a finite 

number of points of period < N of T. This follows from 5. 3. Hence 
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T has only a countable number of per iodic points. 

6. Normal in te rsec t ion 

Two submanifolds W j , W2 of a manifold M have normal i n t e r ­

sect ion if for each x & W^ (\ W«, the tangent space of W]_ and Wg 

at x span the tangent space of M at x, A diffeomorphism 

T : M - ^ M has the normal in tersec t ion p roper ty if when p «, p 2 

a r e generic per iodic points of T, the stable manifold of P ^ and the 

unstable manifold of p 2 have normal in tersec t ion (this definition is 

c lea r even though the s table manifold is not s t r i c t ly a submanifold). 

Let J ) and <? be as in the previous sectipn and let t b e t h e 

subspace of IT of diffeomorphisms with the normal in tersec t ion proper ty . 

6. 1 Theorem 

ç- is the countable in tersec t ion of open dense subsets of ÀJ 

(The f i rs t t heo rem of this kind s eems to be [ l 3 j ). 

Let our bas ic manifold M have some fixed me t r i c and let ]NL (x), 

for % > o, x & M, denote the open 8 neighbourhood of x in M. 

Let R be the set of posit ive r e a l numbers . 

6, l a L e m m a 

F o r each p & 4. , t he re exis ts a continuous function 

2 : (T p -S> R"*" with the following proper ty . If T ê ^p} x é M 

is a periodic point of T of per iod £ p, then CL [ N ~ ,^, (x)C\Wlx)j GW(x), 

where W (x) is e i ther the s table or unstable manifold, W (x) 

or W (x) respec t ive ly , of x with r e spec t to T. 

Proof 

It is c lea r that on an open neighbourhood N . of each T, £ v) p 
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that one can find a constant function 2. with the p roper ty of 2 of 

6. la . Let £ , N^ be a countable covering of (T of this type, 

ol = 1, 2, - - - . Then let £ = £ 1 on N ^ 2* = min ( <? j , £ 3 ) 

on N 2 - N j , min ( ^ 1, ^ 2> ^ 3^ o n N 3 ~ N l " N 2 e tP-'- Then 

t is lower semicontinuous on F . Final ly , for example by Kelly, 

General Topology, New York 1955 p, 172 one can obtain the £ of 6. la . 

Now if x is a per iodic point of T é- F D of per iod <• p , let 

L (x) = L (x, T) = CL [ N. ? ( T ) (x) /I W (x)J , ^ = s or ^ = u. 

Define 5 r>, to be the subspace of f n of diffeomorphisms 

with the following proper ty . If x, y £ M a r e periodic points of per iod 

^ p of T G (Pp , then at each point of T k (LU (x)j fl T ~ k (L5(y)), 
u s 

W (x) and W (y) have no rma l in tersect ion. 

6. 2 Theorem 
k 

S is open and dense in D. 
p $ n f* 

Note that (6.1) follows from (6.2) because * = i ' k . 1 ^ 2 * r 

F o r 6. 2 we f i rs t r e m a r k that 2 n is c lea r ly open in 
F 1 

ç k Hence in view of 5. 2 it is sufficient to show that c p is dense in 
P' 9 BR 

Let T £ w
 p . Denote by / j , - - - , /->£ the per iodic points 

of T of per iod ^ p with s table and unstable manifolds W. = W (Pi), 

/ = s, u. 

We will consider only approximations T' of T which agree 

with T on some neighbourhood V 0 of the p ^, and so that p ^ , 
i: = 1, , . . , kQ a r e p rec i se ly the per iodic points of T' of per iod 5- p, 

/ s 
Let the cor responding s table manifolds of such a T be noted by W^ , 
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1 " 1 j . . . , "•r\t 6 X C . 

With T1 as above, the re is a canonical map £| : W^ —•> W- l , 

£ - s, u, i ~ 1, . . . , kQ defined as follows. If x ê Wj , m = pe r iod /* ., 

mn, the re is a posit ive integer NQ such that T (x) 6 VQ for all N ^ NQ. 

Let ^ x = T " m n ° T m n o x . F o r x £ W ^ one takes n < nQ <C 0. 

Then Q is a well defined 1-1 immers ion . 

Now fix i, j , 1 £ i, j ^ k . It is sufficient for 6. 2 to approxi-
/ ' k u ' 

mate T by T as above such that on the in tersec t ion of T (L. ) 
/ _J{ g / -Q/ g / 

and T (L. ), W* and W. have normal in te rsec t ion where 
/ j J *' • 

L t
U *• <sf ht

U, L . U = L U ( p j , T) etc. 
k u 

The f i rs t s tage of this argument is to rep lace T (L. ) and 
-k s 

T (L. ) by submanifolds of M, Y^ and Y2 r espec t ive ly with the 
following p rope r t i e s : 

(6. 3) The Yi a r e diffeomorphic to d isks , 

..u ^ _,mi ,__ , ,* xr ^ ^k ,_ u 
Wi S Tllli (Yx ) )) Y1 )) T* (L t

u ) 

WjS D T " m 2 (Y2) )) Y2 J) T " k ( L j Ê 

00 Here M* is the leas t per iod of j* ^ m 2 that of f j and )) 

is in te rpre ted as to mean "contains an open set containing". Such Y^ 

c lea r ly exist from 3. 1, 3. 2 and 4. 1. 

If T ' is an approximation of T agreeing with T on a neigh­

bourhood V 0 of the j ? i let 6j Yi = Y[ , i = 1,2. Then without 

loss of genera l i ty we can a s sume 

( 6 . 3 ' ) W ^ S T / m i ( Y / ) )) Y / )) T / k ( L i U ' ) 

W j S ' 3 T ' " m 2 ( Y 2 ' ) )) Y 2 ' )) T ' " k ( L j S ' ) 
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Hence it is sufficient to find such a T' with Y^' and Y 2 ' having no r ­

mal in tersect ion. 

The compact subset CL (TQ ^Y^ - Yj) is so to speak a fundamen 

tal domain of T 1 r e s t r i c t e d to W^ . Thus one may find without diffi­

culty connected open se t s ZL ±, 2-2 ^n ^ i with compact c losures 

which a r e each disjoint from the i r images under T and in addition 

~ZX U 2 2 3 CL ( T m i Y i - Yi) . 

A _ A , 

Let P = CL -J T^' ( Z - x f[ Y2) [ $ è o\ 

Q = C L | T ~ M Z i ) ! t > l | 

The following is eas i ly checked. 

6. 4 L e m m a 

P f) T " 1 ( Z x H Y2) = ^ 

Q A T " 1 ( 2 ! H Y2) = 

Let Up, UQ, V be open se t s such that 

U p D P , U q D Q, V D T " 1 (2 1 0 Y2) and U p ft V = ' f6, 

u q ft v = <f> . 
By the Thorn t r a n s v e r s a l i t y t heo rem j_16J and a suitable patching 

by a C function (s imi lar to 3. 2a) one can find an approximation T' 

of T with the following p rope r t i e s : 

(a) T ' = T on a neighbourhood V 0 of the / i and the 

complement of V in M. 

(b) T1 C T ( 2 i ) and Y 9 have normal in tersec t ion (i.'e. 
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W.j and T1 j ^T ( Z- j j j have normal in tersec t ion on 

T> [T"1 ( Zj) ] 0 Y2). 
Suppose now that x <~ Y ' , (1 Y ' 2 , and T ' x t £~ ^ for some 

integer m where 2 ' i = q ( ^ j ) . We will show that at x, Y^ 

and Y2 have normal in tersect ion. This is a consequence of the follow­

ing s ta tements . 

(a) m ^ o and T1 x & Y2 

(b) "Zj -s T » [ T " 1 ( ^ 1 ) J and SO T«m X £ T 

[ V 1 ( Z j j • 
m . „ , (c) t he re exis ts a neighbourhood of T1 x in YL which is 

in Y2 . 

It can be shown without difficulty that (a), (b), and (c) a r e conse ­

quences of the choice of V. 

Now one c a r r i e s out exactly the same procedure with ^ 2 =Q( ^- 2̂  

replac ing 2. 1 in the argument. This gives us an approximation T" 

of T ' with the des i red p rope r t i e s of 6. 2. 

7. E lemen ta ry Singulari t ies of a vector field. 

We now pass from the diffeomorphism problem to the case of a dy­

namical sys tem. 

Let M be a compact C manifold 1 £ r é 00 and j? the 
r r 

space, of all C vector fields on M with the C topology. One may 
put a Banach space s t ruc tu r e on p if r < 0e* . In any ca ses f* 

is a complete me t r i c space. 

A s ingular i ty p of X on M is a point at which X vanishes. 

Let p be a s ingular i ty of X on M. Then using some local product 
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s t ruc tu re of the tangent bundle, in a neighbourhood U of p, X is a . 

d i f f e r e n t i a t e map, X : U —^ M , whose der ivate A at p is a l i ­

near t ransformat ion of ,Mp. 

We will say that p is an e lementa ry s ingular i ty of X on M 

if the der iva t ive A of X at p has no eigenvalue of r e a l par t one, and 

t r a n s v e r s a l if A is an automorphism. 

Let L be the subset of B such that if X £ I , X has on­

ly e lementa ry s ingular i t ies . 

7. 2 Theorem 

C is an open dense set of / 3 

To see t h a t , one f i rs t checks the following lemma. 

7. 3 L e m m a 

Let X be a vector field on M. Then x 6 M is a t r a n s v e r s a l 

s ingular point of X if and only if X, as a c r o s s - s e c t i o n in the tangent 

bundle mee t s the zero c r o s s - s e c t i o n over M t r a n s v e r sally. 

F r o m this and the t r a n s v e r s a l i t y t heo rem of Thorn £l6J one con­

cludes. 

7. 4 L e m m a 

Let C be the subset of P of vector fields on M which have 

only t r a n s v e r s a l s ingular points. Then C is an open dense subset of 
^ > 

P B » Now* 7. 2 follows from 7. 4 as in the proof of 5. 2 where v 

was shown to be dense in (/ p . 

Note that if X £ L , or even £ ', by 7. 3, the s ingular points 

of X a r e isolated and hence finite in number . 
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8. Elementary-c losed orbi ts 

Let (J be a closed orbit of a vector field X on a manifold with 

associa ted local diffeomorphism T : U—^ ^- about p £ QA 2~ 

Then jf will be called an e lementary ( t ransversa l ) closed orbit of X 

if T has p as an e lementa ry ( t ransversa l ) fixed point. 

8. 1 Theorem 

Let C be the subspace of C (of section 7) of vector 

fields X on M ~uch that every closed orbit of X is e lementary . Then 

C 0 is the countable in tersec t ion of open dense se ts of /> . L. Marcus 

[lSj has a t heo rem in this direction. Also R. Abraham has an indipendent 

proof of 8. 1 [n] . 

If / is a closed orbit of X on M, then one can ass ign a pos i ­

tive r e a l number , the period of <j as follows. Let x 6 If , y-j. (x) = x 

where tQ > 0, y t (x) ^ x, 0 C t < t 0 . Then t 0 is an invariant 

of f , the period of (J . 

F o r a posit ive r e a l number L, let <- L ^ consis t of X 

on M such that , if (f is a closed orbit of length <' L , then <] is e l e ­

mentary . / 9 

r M C 
Since ^ 0 ~ L é- Z + L> with 7. 2, 8. 1 is a consequen­

ce of the following, 

8. 2 Theorem 
v-/ T is open and dense in L-F o r every positive L, L *s ° P e n anc* dense in 

The proof is somewhat s imi l a r to the proof of 5. 2. 

F i r s t that L T is open in C follows from a s imi la r argument 

to that of 5. 2 used in showing that 1/ is open in (/ . We leave this 
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for the r eade r . 

It r e m a i n s to show: ^ L *S dense in 6 . Let X é L . The 

f irst s tep is to construct a finite number of open cel ls U; of M of 

codimension 1, t r a n s v e r s a l to X such that U, D W, where V^ 

is a closed sub-disk of U^ such that every t r a j ec to ry of X p a s s e s 

through some V^ . It is a s t ra ightforward mat te r to show that such a set 

of (Ux , W^) exis ts . 

Fixing çk now, the next step is to approximate X by X ' , a 

vector field on M equal to X outside a neighbourhood of W J SO that 

if <f is a closed orbit of X' of length £ L, in te rsec t ing some fixed 

neighbourhood of W, in IL , then ff is e lementary . The existence 

of such an approximation is sufficient for the proof of 8. 2. 

The construct ion of the approximation X' of the preceeding p a r a ­

graph is based on the methods of Section 2 and 5. We outline how this 

is done. Let V^ be a compact neighbourhood of W^ in IJk • Then 

let D C U. be the set of points x of U^ such that (P ^(x) é V^ 

for some t, 0 ^ t <. 2L, and T : D, -—> V. the associa ted diffeo-

morph i sm, say rea l ly defined on some neighbourhood of D^ in IX . 

Now apply the methods of 5. 2 to approximate T by T ' such that T1 

is defined in a neighbourhood of D^ and that T' has only generic p e ­

r iodic points. Now using the construct ion of Section 2 and 3. 2a one 

defines the above X' using T' . 

9. Stable manifolds for a differential equation 

The following is the global s table manifold theo rem for s ingu la r i ­

t ies of a vec tor field. 
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9. 1 Theorem 

Let X be a C vector field on a C manifold generat ing a 

1-parameter group Y t> with an e lementary s ingular i ty at x 0 £ M. 

Let E J C M X Q be the subspace of the tangent space of M at xQ c o r ­

responding to the eigenvalues with r e a l par t negative. Then the re is a 

1-1 C i m m e r s i o n Y '• Ej—*> M with the following p rope r t i e s : 

(a) X is everywhere tangent to ^ (Ej) and as t —•> &Q * 

(ft(x) -> * 0 for all ^ ^ ( E i ) . 

(b) lp(0) = x
0 and the derivat ive of y a^ x o ^s *he m ~ 

elusion of E^ into M x . 

Proof 

t 
It can be checked that the map R of 4. 1 sat isf ies 9. 1 using 

for T of 4. 1. 

Of course there i s a local ve rs ion of this theorem which can be found 

for example in t 2 j . One may also derive 9. 1 d i rec t ly from this . The 

map Y of 9. 1 or i ts image is cal led the stable manifold of xG. 

One has a stable manifold associa ted to an e lementary closed orbit 

of a differential equation by the following theorem. 

9. 2 Theorem 

Let 0 be an e lementa ry closed orbit of a differential equation 

X on M generat ing a 1-parameter group ] t- Let x £ <j , 

T : 2. •—^ ^r be an associa ted local diffeomorphism of Q at x whith 

der ivat ive L at X, and E j the l inear subspace of M x tangent to 

2~ cor responding to the eigenvalues of L with absolute value ^ 1. Then 

the re exis ts a contract ion T\ : E-, —-> E]_ with the following t rue . 
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The construct ion preceeding 2. 1 applied to T j defines a manifold M 0 

with a vector field X 0 on MQ. Then the re is a 1-1 immers ion 

^p : MQ -~> M mapping XQ into X up to a s ca l a r factor and if/ (p)~ 

= x where p is the point of MQ cor responding to (0; 0) of E j x R 

(in the definition of M ). 

F o r the proof we only need to note that y is defined in a neigh­

bourhood of 0 x R and then extended to MQ by the device used in the 

proof of 4. 1. 

Then j or i ts image is called the s table manifold of Q The 

unstable manifold of a s ingular i ty or closed orbit of X on M is the 

respec t ive stable manifold with r e spec t to -X. 

In general MQ is e i ther S' x E, or the twisted product. 

If X is a dynamical sys t em on-a manifold M, we say that X 

has the normal in tersec t ion p roper ty if the s table and unstable manifolds 

of X have normal in te rsec t ion with each other. Fixing compact M, 

let L Q, p be as in the previous section and 0 u o be the set of 

X in C Q with the normal in te rsec t ion proper ty . 

9. 3 Theorem 

01 o is the countable in te rsec t ion of open and dense, se t s of f? . 

This t heo rem and i ts proof a r e somewhat analagous to (6. 1). 

F o r the proof of 9. 3, let g : O ^ -~> R be defined in a com 

pletely analagous fashion to the £. of (6.1a) where ^ L *S defined 

in sect ion 8. Let X 6 <?L and x be a . i n g u U r point of X or a 

closed orbit of period 4 L of X. Let W (x), £ = u, s be the uns ta -
Z 

ble manifold, s table manifold respec t ive ly of x and L (x) = 

= 01 (N<? (u) (x) C\ W^ (x) ) s imi l a r to the proof of 6. 1. Next let 



- 29 -

S. Smale 

P r p 
V-̂ L be the subspace of X of *-" L with the following proper ty : 

If x, y a r e singular points or periodic orbi ts of X of p e r i o d ^ L, 

then at each point of T r (LU (x) ) (\ (f _ r (LS (y) ), WU (x) and 

W (y) have normal in tersect ion. Here (f\ is generated by X and 

r y 0, Then 9. 3 is implied by the following. 

9. 4 Theorem 

L *s ° P e n anc* dense in 

As in sect ior 6, for the proof of 9. 4, it is sufficient to approxi-

, P ft r 
mate a given X £r \_> by a vector field in ^ L . 

Also just as an section 6, one defines maps Q' and submanifolds 

Y | of M. The only difference in the proof from that of 6. 1 is in the d£ 

ta i l s of the construct ion of the approximation itself. One uses here exac­

tly the approximation in [JL3J page 202. We will not repeat it he re , but 

only r e m a r k that one can do it a l i t t le s imple r than in /13J by changing X 

on a finite sequence of Eucl idean cel ls one at a t ime. ' 
This completes the proof of 9. 3. 

We conclude by r e m a r k i n g that if one takes for M, the 2-phere , 

then Ul Q is open as well as dense in jS that each X é vc Q has 

only a finite number of closed orb i t s , and by a theo rem first s ta ted e s s e n ­

t ia l ly by Andronov and Pontrjagin, X is s t ruc tu ra l ly stable. In this case , 

i. e. , M = S , density of 01Q in p was first proved by M. P e i -

xoto [ 8 ] . 
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